3.1 PROBABILITY

The sample space — S (a die) of the experiment consists of the set of all possible outcomes. In the case
of the die M=1y &= (35,5}

S ={1,2,3,45,6) M= L,) c = gg'l,g’f) §>,§h\ (3.1)

where the mtegers 1, ___. 6 represent the number of dots on the six faces of the die. These six possible
outcomes are the sample points of the experiment. An event 1s a subset of S and may consist of any
number of sample points. For example. the event A defined as

A={24) (3.2)

consists of the outcomes 2 and 4. The complement of the event 4. denoted by A. consists of all the
sample points i S that are not in A and. hence

A ={1,3,5,6} (3.3)

Two events are said to be mutually exclusive if they have no sample pomnts in common — that 1s. 1f the

occurrence of one event excludes the occumrence of the other. For example, 1f A 15 defined as
Equation 3.2 and the event B is defined as

B = {1,3,6} (3.4)

then A and B are mutually exclusive events. In this case we can write

P(A)+P(B) ==+-=" (3.5)
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3.1.1 Joint Events and Joint Probabilities

Instead of dealing with a single experiment. let us perform two experiments and consider their

outcomes. For example, the two experiments may be two separate tosses of a single die or a single toss
of two dice. In either case, the sample space S consists of the 36 two - tuples (1)) where i,j =
1,2, ...,6. If the dice are fair, each point i the sample space is assigned the probability 1/36.

In general. if one expenment has the possible outcomes 4;,i = 1,2, ..., n, and the second expeniment
has the possible outcomes B,j = 12,..,m, then the combined experiment has the possible
outcomes (A[-JEJ,-)JE =12, ..,nj=12,..,m. Associated with each jomnt outcome (AE-,BJ-) 15 the

Joint probability P(AI-J B; )wh.i-:h satisfies the condition

0<P(4,B) =1 (3.6)

Assunung that the outcomes B; are mutually exclusive. 1t follows that
X, P(A;,B;) = P(4) (3.7)
Sumlarly. 1f outcomes 4;. are mutually exclusive then
. P(4,8,) = P(5) 69
Furthermore. 1f all the outcomes of the two expeniments are mutually exclusive, then

LT, P(A,B) =1 (3.9)



3.1.2 Conditional Probabilities

Consider a combined experiment in which a jomnt event occurs with probability P(A, B). Suppose that
the event B has occurred and we wish to determine the probability of occurrence of the event A The
conditional probability of the event A given the occurrence of the event B 1s defined as

PAE)

P(A|B) = o) (3-10)
____P(A|B)
-4
C_a
Y
In a sinular manner
P(Bla) = ”;?j” G.11)

The relations 1n Equation 3.10 and 3.11 may also be expressed as

p(4,B) = P(AlB)P(B) = P(B|A)P(4) (3.12)



An extremely useful relationship for conditional probabilities 1s Bayes’ theorem.

__ Pl4;B)
P(4;1B) =5
P(BlAf}P{:A!':J

T, P(Bl4;)P(4)) G-13)

We use this formula to derive the structure of the optimmum receirver for a digital communication

system 1 whach:

e the events A;. 1=1.2... n represent the possible transnutted messages in a given tume interval;
®¢  P(A;) represent their a prion probabilities:
* B represents the recerved signal, which consists of the transmutted message (one of the 4;)
cormupted by noise;
* and P(A4;|B) 1s the a posterion probability of A; conditioned on having observed the recerved
signal B.

3.1.3 Statistical Independence

The statistical independence of two or more events 1s another concept in probability theory. It usually
arises when we consider two or more experniments or repeated trials of a single expenment. To explamn
this concept. we consider two events A and B and their conditional probability P(A|B). whach 1s the
probabality of occurrence of A given that B has occurred. Suppose that the occurrence of A does not
depend on the occurrence of B. That 1s

P(4lB) = P(4) (3.14)
After substitution
P(A,B) = P(A)P(B) (3.15)

When the events A and B satisfy the relation i Equation 3.15. they are said to be sraristically
independent.
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In a binary communication system, the symbols 0 and 1 are sent through a channel, but noise can switch 1 to 0 or vice versa with certain probabilities. The error can

be estimated by Bayes' rule

Aka je pravdepodobnost,
ze bol vyslany symbol A, ,
ak sme prijali symbol B

Kanalova pravdepodobnost
vstup/vystup

Apriérna pravdepodobnost
symbolu na vstupe

!

P(B|A;)P(A;
palB) = " BIADP(AD)
j=1P(B‘Aj)P(A]-)
P(A,)=0,6 A;=0 (0.9) B=0
©1 P(0]0) =
(0,1
P(A,)=04 A,=1 B=1

(0,9)

ak:n=2

P(B|A1)P (A1)

P(A4|B) = P(B|A,)P(A,) + P(B|A,)P(A,)
- P(B|A,)P(Ay)
P(A;|B) = P(B|A,)P(A,) + P(B|A,)P(4,)
09x06 054

- =0,931
0,9x0,6+0,1x0,4 0,58



A digital communication system sends a sequence of 0 and 1,
each of which are received at the other end of a link. Assume
that the probability that 0 is received correctly is 0.90 and that
a 1 is received correctly is 0.90. Alternately, the probability that
a 0 or 1 is not received correctly is 0.10. The probability that a O
is sent is 60% and that a one is sent is 40%.

a) What is the probability that a received 0 was transmitted as a 0?

09x06 _ 0,54
0,9x0,64+0,1x0,4 0,58

P(0]0) = =0,931

b) What is the probability that a received 1 was transmitted as a 1?

P(1]1) = 0,9 x 0,4 _ 036 _ 0,857
0,9x0,4+0,1x0,6 0,42
0,9
(0,6) O (0.9) 0
c) What is the probability that a received 0 was transmitted as a 1?
(0,1)
P(1]0) = 0,1x 0,4 _ 004 _ 0,069
0,1x0,4+0,9x0,6 0,58
(0,1
(0,4) 1 1 d) What is the probability that a received 1 was transmitted as a 0?
(0,9)
P(0[1) = 0,6 x 0,1 _ 0,06 = 0,143

0,6x0,1+0,4x0,9 0,42



(0,15)0

(0,85) 1

(0,2)

(0,8)

(0,8

(0,18)

0,2x0,15

P(0]0) = 0,2x0,15+0,85x0,82
P(1]0) = —282%08 _ _g5g
0,82x0,85+0,2x0,15
0,8x 0,15 _
P(0[1) = 0,8x0,15+0,18x0,85 0,439
P(1]1) = 0,18 x 0,85 - 0,56

0,18x0,85+0,15x0,8

=0,041=4,1%



BSC is the simplest model for information transmission via a discrete channel (channel is ideal, no amplitude and
phase distortion, only distortion is due to AWGN):

P(X,)=0,7 X (9,98) Y

(X;)=0, 1 . P(X, |Y,)=0,9913
(0,02

P(X, |Y,)=0,0087
(0,0 P( X, |Y,)=0,0455

Y

P(X,)=0,3 Xo 0
° (0,98) P(X, |Y,) = 0,9545

Channel’s error probability p, = 0.02: on average, bit error rate is 2%



Probability density function — PDF of the random vanable X

p(x) = d;i";:' —w<x<m (3.18)

or, equivalently

F(x) = ffmp(u]du —wW=x< 00 (3.19)
The discrete part of p(x) may be expressed as

plx) =2, P(X=x;)0(x —x;) —o0o<x<o0 (3.20)

Often we face with the problem of determuning the probability that a random vanable X falls 1n an
interval ( x, x5). where x; = x;.

Plx; <X < x3) =F(x,) — F(x;) = J:::p(x]dx (321

In other words, the probability of the event {x; < X <0 x,}1s sumply the area under the PDF m the
range x; < X < x-.



3.2.2 Sratistical Averages of Random Variables

Averages play an important role in the characterization of the outcomes of expeniments and the
random varniables defined on the sample space of the experiments. Of particular interest are:

¢ the first and second moments of a single random vanable,
¢ the jomnt moments, such as the correlation and covanance, between any pair of random
vanables in a multidimensional set of random variables.

The mean or expected value of X (single random vanable) — the first moment — 1s

EX)=m, = _xp(x)dx (3.23)
where E(X) denotes expectation (statistical averaging).
In general. the #™ moment is defined as

E(x™) = [ x"p(x)dx (324)



Now. suppose that we define a random vanable ¥ = g(X). where g(X) 1s some arbitrary function of
the random variable X. The expected value of Y 1s

E(Y) = Elg(X)] = [ g(x)p(x)dx (3.25)
In particular. if ¥ = (X —m,)". then

E(Y) = E[(X —m)"] = [ (x — my)"p(x)dx (3.26)
This expected value is called ™ central moment of the random variable X.

When n=2. the central moment 15 called — variance
o7 = [ (x —m,)*p(x)dx 327
This parameter provides a measure of the dispersion of the random variable 3

a: = E[X?] — E[X])* = E(X?) —m2 (3.28)



The joint moment of X; and X; 1s
E[xgxz] =2 [ xf x2p(x xp)dxdx, (3.29)
The joint central moment 1s
E[(Xy —my)* (X, —my)"] = me f:o(xl —my ) (x; —my)"p(xy, x;)dx, dx, (3.30)

Of particular importance to us are the joint moment and joint central moment corresponding to
k=n=1

These joint moments are called the correlation and the covariance of the random vanables X; and X,
respectively.



Gaussian (normal) distribution

The PDF 1is

p(x) = —=exp[— (—%)7] (3.40)

aar a

Where m,, is the mean and &7 is the vanance of the random varable.
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Figure 3.5 The PDF and CDF of a Gauwssian random variable



The CDF 15

—(u—my)®

F(x)=fmp(u)du=a;§f_’;e = du

== Vza e_f rit——+ er f{"r

24w

where erf(x) denotes the error funcrion. defined as

erf(x) == [ e " dt

Zfze

(3.41)

(3.42)

The function that 15 frequently used for the area under the tail of the Ganssian PDF 15 denoted by QOfx)

and defined as

Due to symmetry p(e|s,) =

Q(x) = j dt p(r|32)\‘

P(r>0ls2) = Q (\/ZN—‘?)

p(r|s1) (3.43)
.

Qx) =L erfe(:

(3.44)

P(els2)

3E,
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E&CE 411, Spring 2000, Table of () Function

Tahble 1: Values of @{z) for0 <z <9

T Qi) T Qi) T Qi) I Q(x)
0.00 0.5 2.30 0.010724 455 2A823x10°F [ 680 5.231x10°12
0.05 048006 || 235 00003867 || 460 2.1125x10°°% || 685 a.6025x10 '
0.10 046017 || 240 00081975 || 465  1.6507x10°% | 6.00 2.6001x10'®
0.15 044038 | 245 00071428 || 470 1.3008x10° % || 6.95 1.8264x10 12
0.20 042074 || 250 00062007 | 475  1.0171x107% || 7.00 1.2798x10 12
0.25 040120 [ 255  0.0053861 480 T7.0333x10°7 || 7.05 8.0450x10°%F
0.30  0.38200 || 260 00046612 || 485 B1731x10°7 || 710 A.2378x 10713
0.35 036317 || 265  0.0040246 || 4.00 4.7018x10°7 || T.15 4.3380% 10713
0.40 034458 || 270 0.003467 405  37107=10°7 || 7.20 3.010610-13
0.45  0.32636 || 275 00020708 || 5.00 2.8665x10°7 || T.25 2.0830x10°13
0.50 0.30854 [ 280  0.0025551 5.05  22001x10°7 || 7.30 1.4388x10°13
0.55 0.20116 | 2.85 0.002186 5.10  1.6983x10°7 || 7.35 9.9103x10714
0.60 027425 || 290 00018658 | 5.15  1.3024=10°7 || T.40 6.8082x10°1¢
0.65 025785 || 285 00015880 | 5.20 0.0644x10°F |[ 745 4.66T7=10"1
0.70 024196 || 300 00013499 || 525  T.605x10°F | 750 3.1900x10°1¢
0.75 022663 || 305  0.0011442 || 530 5.7901=10°% || 7.55 2.1763x10 14
0.80 021186 || 310 00009676 || 5.35 4.3977x107% || 7.60 1.4807x10"
0.85 019766 | 3.15 0.00081635 | 540 3.332«10°% || 7.65 1.0049x10 M
0.00 018406 | 320 000068714 || 545 2.5185x10° % || 7.70 6.8033x10 18
0.095 017106 | 325 000057703 | 5.50 1.800x10°% | 7.75 4.5046x10°1°
100 015866 | 3.30  0.00048342 || 5.55  1.4283x10°% || 7.80 3.0054x10°13
1.05 01468 | 335  0.00040406 || 5.60 1.0718x107% || 7.85 2.0802x10° 13
110 0.13567 | 3.40 0.00033603 | 565 8.0224x10°F || T.00 1.3045:10°18
115  0.12507 | 345  0.00028020 || 5.70  5.0004x10°F || 7.05 0.3256:10°16
1.20 011507 | 3.50 0.00023263 || 5.75 4.4622x10°% || 8.00 6.221x10°18
1.25  0.10565 | 3.55 0.00019262 || 5.80 3.3157=107% || 8.05 4.1397x10°18
1.30 00968 || 360  0.00015811 | 5835  24579x10°% || 8.10 2.748x<10°18
1.35 0.088508 | 3.65  0.00013112 | 590 1.8175x10°% || 8.15 1.8196=10°18
140 0080757 || 370 00001078 || 595  1.3407=107% || 8.20 1.2019x10° 18
1.45 0073529 || 3.75 8.8417x10°° || 6.00 9865910717 || 825 T7.0197x10° 17
1.50 0066507 || 3.80 7.2348x10°° || 6.05 7.2423=10°1° || .30 5.2056x 1017
1.55 0060571 || 3.85 5.09050x107° || 6.10 5.3034=10710 | 835 3.4131=10°17
160 0.054799 || 3.00 4.8006x10° || 6.15 3.87T41=107 1" || 840 2.2324%10° 17
165 0049471 || 3.05 3.0076x107° || 6.20 2.8232x10°1° || 845 1.4565x10° 17
170 0U044565 || 4.00 3.067T1x107° || 6.25 2.0523x107'° || 8.50 9.4705x 10718
75 0040050 || 405 2.5600:x1077 || 6.30 1.4882x10° 17 || 855 6.1544x10° '8
180  0.03503 | 4.10 2.0658x107° || 6.35 1L.0766x10°'" || .60 3.0858x10 18
1.85 0032157 || 4.15 1.6624x10°% | 6.40 T7.7688x10° 1 || 865 2.575=10°18
1.90 0028717 || 420 1.3346=1075 || 6.45 5.5025x10°1 || 8.70 1.6594x10°18
1.95 0025588 || 425 1.0689x1075 || .50 4.016x10711 || 8.75 1.0668x 1018
200 002275 || 430 B.5399x107% | 6.55 28Te0=10711 || 880 6.8408x10°19
205 0.020182 || 435 6.8069x107% || 660 20558=1010 |[ 885 4.376x10719
210 001TE64 || 440 5.4125x10°% || 6.65  1.4655x<10°10 || 800 2.7923x10°19
215 0L015TTR || 445 4.2035x10°% | 670 L0421=10 1! ff 895 1.77T4x10°19
220 0013903 || 450 3.3077x107% | 675 7.3923x10°12 || 9.00 1128621019
225  0.012224

Error Function Table
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Priklad

Vysielajme 3 bitovu kombinaciu nul a jedniciek (1 symbol sa rovna 3 bitom), napr. 000, 100, 110, atd.
Pravdepodobnost vyskytu jednicky pri prenose je p=1/2.
Aka je pravdepodobnost, ze v trojici bitov sa vyskytnu dve jednicku?

Riesenie
3! 3.21/1\ /1 3
PYz2=3 21— 3_2:—21— = — — —_ | = —
=2 =A== prrta-n =51 (3)(3) -3
Prakticky dokaz
000 p=1/8
001 p=1/8
010 p=1/8
011 p=1/8 011 p=1/8
101 p=1/8 101 p=1/8
110 p=1/8 110 p=1/8

111 p=1/8
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